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RECONSTRUCTING THE SPECTRUM OF F1
FROM THE STABLE HOMOTOPY CATEGORY
STELLA ANEVSKI
Abstract. The finite stable homotopy category S0 has been suggested as a candidate for a category
of perfect complexes over the monoid scheme Spec F1. We apply a reconstruction theorem from
algebraic geometry to S0, and show that one recovers the one point topological space. We also
classify filtering subsets of the set of principal thick subcategories of S0, and of its p-local versions.
This is motivated by a result saying that the analogous classification for the category of perfect
complexes over an affine scheme provides topological information.
Introduction
Let X be a scheme. Following [3], one associates a category Dperf(X) to X. The category Dperf(X)
is very close to the category of algebraic vector bundles over X, and is well-known for encoding fun-
damental invariants. Recent research shows that for a large class of schemes, the category Dperf(X)
is just as good as X, provided that Dperf(X) is endowed with the structure of a tensor triangulated
category.
Theorem 0.1. (P. Balmer [1] and [2])
(i) Two reduced noetherian schemes X and Y are isomorphic if and only if Dperf(X)
and Dperf(Y ) are equivalent as tensor triangulated categories.
(ii) A noetherian scheme X can be reconstructed up to isomorphism from the tensor
triangulated category Dperf(X).
The reconstruction method used in (ii) can be applied to any tensor triangulated category, produc-
ing a locally ringed space. Hence one could adopt the philosophy that tensor triangulated categories
represent some kind of (generalized) algebro-geometric objects.
A natural question to pose is what the reconstruction procedure yields when applied to a ten-
sor triangulated category which do not a priori arise as Dperf(X) for a scheme X. In this article,
we apply it to the finite stable homotopy category S0, and to its p-local versions S
p
0 . Our reasons
for choosing these particular categories include:
(i) The category S0 has been suggested as an analog of D
perf(X) for the monoidscheme
Spec F1 (cf. Remark 4.4). With this in mind, one would hope to reconstruct the one
point topological space from S0.
(ii) The category Dperf(X) can be regarded as a homotopy category of complexes (cf.
section 1.1). Inspired by Theorem 0.1, we think of noetherian algebraic geometry
as homotopy theory in categories of complexes.
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We use P. Balmer’s construction of the spectrum of a tensor triangulated category. The spectrum
is a topological space with points corresponding to a certain type of triangulated full subcategories,
which will be called primes. Our main results are contained in Theorems 4.2 and 5.2.
Theorem 4.2 classifies the primes of S0 and S
p
0 . In particular, part (iv) reveals that the topo-
logical space reconstructed from S0 has just one point, which is indeed consistent with viewing the
finite stable homotopy category as an analog of Dperf(X) for the monoidscheme Spec F1.
Theorem 5.2 classifies filtering subsets of a certain set of subcategories of S0 and S
p
0 . In particular
it answers a question posed by M. Bo¨kstedt in the appendix of [8]. For an affine (not necessarily
noetherian) scheme SpecR, the analogous classification for Dperf(SpecR) gives information about
the closed subsets of SpecR.
The exposition is organized as follows: Section 1 begins with a brief review of tensor triangulated
categories. We define the category Dperf(X), of perfect complexes over a scheme X, and describe
how one can recover the underlying topological space of X from the tensor triangulated structure
on Dperf(X), provided that X is noetherian. In section 2, we summarize the construction of the
spectrum of a tensor triangulated category, and state some of its properties. Section 3 introduces the
finite stable homotopy category, with emphasis on its structural properties. In particular, we state
the thick subcategory theorem by M. J. Hopkins and J. H. Smith, classifying thick subcategories of
the p-local finite stable homotopy category. The section ends with a global version of this theorem,
which is due to S. M. Chebolu. Sections 4 and 5 contain statements and proofs of our main results.
1. Tensor triangulated categories
Recall that a triangulated category is an additive category K, equipped with an autoequivalence
Σ : K → K, and a class of exact triangles, i.e. diagrams in K of the form
P → Q→ R→ Σ(P ).
This class is subject to certain axioms, whose raison d’eˆtre is to force exact triangles to encode
homological information about K (cf. [11, II:1.1.1]). An additive functor between triangulated
categories is called exact if it preserves exact triangles and commutes with the autoequivalences up
to isomorphism.
Definition 1.1. A tensor triangulated category is a pair (K,⊗), consisting of a triangulated category
K, and a bifunctor ⊗ : K ×K → K which is exact in each variable.
We now give names to the subcategories that will be associated with closed subsets and points under
the reconstruction procedure.
Definition 1.2. Let K be a tensor triangulated category. A full triangulated subcategory A of K
is said to be
− thick, if it is closed under retracts, i.e. P ⊕Q ∈ A forces P ∈ A and Q ∈ A,
− ⊗-thick, if it is thick and Q ∈ A and P ∈ K implies P ⊗Q ∈ A,
− a prime of K, if A 6= K, A is ⊗-thick, and P ⊗Q ∈ A implies P ∈ A or Q ∈ A.
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1.1. Perfect complexes and reconstruction of schemes. Let X be a scheme. A strict perfect
complex on X is a bounded complex of locally free OX -modules of finite type. A complex P of
OX -modules is perfect if any point has a neighborhood U , such that the restriction of P to U is
quasi-isomorphic to some strict perfect complex on U .
The category OX -mod of sheaves of OX -modules is abelian, and so its derived category D(OX−mod)
is triangulated. The derived tensor product ⊗L induces a monoidal structure on D(OX -mod) which
is furthermore compatible with the triangulation in the sense of Definition 1.1. This tensor triangu-
lated structure induces a tensor triangulated structure on the full subcategory Dperf(X) of perfect
complexes in D(OX-mod).
In the next section, we summarize P. Balmer’s procedure for reconstructing a noetherian scheme
X from the category Dperf(X). To get a feeling for what is abstracted there, we describe the cor-
respondence between closed subsets of a scheme and thick subcategories of its category of perfect
complexes. It relies on the following notion of support of a complex.
Definition 1.3. Let X be a scheme. The homological support of a perfect complex P ∈ Dperf(X)
is the set
supph(P ) := {x ∈ X|Px ≇ 0}.
Recall that a subset Y of a scheme is said to be specialization closed if
y ∈ Y ⇒ {y} ⊂ Y.
For a noetherian scheme X, specialization closed subsets are in bijection with ⊗-thick subcate-
gories of Dperf(X) (cf. [10]). Under this bijection, a thick subcategory A corresponds to the set⋃
P∈A supph(P ), i.e. the points x ∈ X for which there exists a complex in A with non-vanishing
homology at x. In the other direction, a specialization closed subset Y corresponds to the full tri-
angulated subcategory consisting of complexes P such that supph(P ) ⊂ Y , i.e. complexes acyclic
off Y .
2. The spectrum of a tensor triangulated category
Following [2], we construct a functor Spc(−) from the category of tensor triangulated categories to
the category of topological spaces. First, we define it on objects.
Definition 2.1. The spectrum of a tensor triangulated category (K,⊗) is the set of primes of K:
Spc(K) := {P|P is a prime of K}.
We endow the spectrum with a topology by declaring closed sets to be those of the form
Z(F) := {P ∈ Spc(K)|F ∩ P = ∅},
for some family of objects F ⊂ K.
It is easily checked that the sets Z(F) actually satisfy the axioms for a collection of closed sets of a
topology.
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Proposition 2.2. (Functoriality, [2, Proposition 3.6])
Given a monoidal exact functor K
F
−→ L between tensor triangulated categories, the map
Spc(L)
Spc(F )
−−−−→ Spc(K),
Q 7→ F−1(Q)
is well-defined and continuous.
Definition 2.3. Let (K,⊗) be a tensor triangulated category. The support of an object P ∈ K is
the closed set
Supp(P ) := Z({P}) = {P ∈ Spc(K)|P 6∈ P}.
One checks that the functor Spc(−) satisfies (Spc(F ))−1(Supp(P )) = Supp(F (P )) for all objects
P ∈ K.
Definition 2.4. A support data on a tensor triangulated category (K,⊗) is a pair (X,σ), where X
is a topological space, and σ is an assignment of a closed subset for each object of K satisfying the
following properties:
− σ(0) = ∅, and σ(1) = X,
− σ(P ⊕Q) = σ(P ) ∪ σ(Q),
− σ(ΣP ) = σ(P ) for the autoequivalence Σ,
− σ(P ) ⊂ σ(Q) ∪ σ(R) for any exact triangle P → Q→ R→ ΣP ,
− σ(P ⊗Q) = σ(P ) ∩ σ(Q).
A morphism (X,σ) → (Y, τ) of support data on (K,⊗) is a continuous map f : X → Y such that
σ(P ) = f−1(τ(P )) for all objects P ∈ K.
The support data (Spc(K),Supp) is the final support data on K in the following sense.
Proposition 2.5. (Universality, [2, Theorem 3.2])
Let K be a tensor triangulated category. For any support data (X,σ) on K, there is a unique
continuous map f : X → Spc(K) such that σ(P ) = f−1(Supp(P )) for all P ∈ K, namely
X
f
−→ Spc(K)
x 7→ {P ∈ K|x 6∈ σ(P )}.
In other words, constructing the spectrum of K as above is the best way of associating a topological
space with a system of supports to K. This has the following important consequence.
Proposition 2.6. (Agreement, [2, Corollary 5.6])
The underlying topological space of a noetherian scheme X is homeomorphic to Spc(Dperf(X)) via
the map
x 7→ {P ∈ Dperf(X)|x 6∈ supph(P )}.
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3. The stable homotopy category
Another prominent example of a tensor triangulated category is the stable homotopy category.
Objects of this category are spectra, i.e. sequences P = {Pi}i∈Z of CW-complexes together with
connecting maps ΣPi → Pi+1, such that the adjoints Pi → ΩPi+1 are weak homotopy equivalences.
The morphisms are stable homotopy classes of maps. Shift of indices gives an autoequivalence, and
mapping sequences induce the exact triangles. A compatible monoidal structure is inherited from
the smash product of pointed spaces (cf. [7, Example 1.2.3]). We shall be concerned with the full
subcategory S0 of compact objects in the stable homotopy category. We refer to S0 as the finite
stable homotopy category, and to its objects as finite spectra.
3.1. Classification of thick subcategories. For a fixed prime number p, one can consider the
p-local stable homotopy category. We shall consider its full subcategory Sp0 of compact objects. The
objects of this category are finite spectra whose homotopy groups are p-local, i.e. finite spectra P
such that pi∗(P ) ≃ pi∗(P )⊗ Z(p).
For a fixed prime number p, there is a spectrum K(n) for each integer n ≥ 1, called the nth
Morava K-theory (at p). It has the following properties:
(M1) The coefficient ring K(n)∗ is isomorphic to Fp[vn, v
−1
n ], with |vn| = 2(p
n − 1).
(M2) Ku¨nneth isomorphism: K(n)∗(P ∧Q) ≃ K(n)∗(P )⊗K(n)∗ K(n)∗(Q).
(M3) K(n+ 1)∗(P ) = 0⇒ K(n)∗(P ) = 0 for all n.
(M4) If P 6= 0 and finite, there exists an N such that K(n)∗(P ) 6= 0 for all n ≥ N .
In addition, we define
K(0) = HQ,
to be the rational Eilenberg-Mac Lane spectrum, and
K(∞) = HFp,
to be the mod p Eilenberg-Mac Lane spectrum.
The Morava K-theories determine thick subcategories of Sp0 . Namely, for any integer n ≥ 1, the full
subcategory
Spn := {P ∈ S
p
0 |K(n− 1)∗(P ) = 0},
of (n − 1)-acyclic p-local spectra is thick. The fact that the converse holds is a deep theorem in
topology.
Theorem 3.1. (Hopkins-Smith, [6, Theorem 7] )
A subcategory A of Sp0 is thick if and only if A = S
p
n for some n ≥ 1. Further, these subcategories
form a nested filtration of Sp0 :
S∞ ⊂ · · · ⊂ S
p
n ⊂ S
p
n−1 ⊂ · · · ⊂ S
p
1 ⊂ S
p
0 ,
where all inclusions are proper.
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Using the thick subcategory classification for p-local finite spectra, S. K. Chebolu derives the fol-
lowing classification of thick subcategories of the finite stable homotopy category S0.
Theorem 3.2. ([4, Theorem 7.3])
A subcategory A of S0 is thick if and only if A = S0, or
A =
∐
p∈S S
p
np ,
for some set S of prime numbers, and some integers np ≥ 1.
4. The spectrum of S0
In this section, we apply the functor Spc(−) to the finite stable homotopy category S0, and to its
p-local versions Sp0 . In addition to the classification results of the previous section, we will need the
classification of primes carried out below in Theorem 4.2 in order to describe the resulting topolog-
ical spaces.
Lemma 4.1. If p and q are distinct prime numbers, then for all integers i ≥ 1, and all integers
j ≥ 0
P ∈ Spi ∩ S
q
j ⇒ P ∼ ∗.
Proof. If a spectrum P is both p-local and q-local, then P is r-local for any prime number r. In
other words, P is rational. By the inclusions of Theorem 3.1, P ∈ Sp1 , meaning that P has vanishing
rational homology. Hence P is contractible. 
Theorem 4.2. (Classification of primes)
(i) Every full triangulated subcategory A ⊂ S0 satisfies
Q ∈ A and P ∈ S0 ⇒ P ∧Q ∈ A.
In particular, every thick subcategory of S0 is ⊗-thick.
(ii) Every thick subcategory of Sp0 is ⊗-thick.
(iii) The primes of Sp0 are precisely the subcategories S
p
n, for n ≥ 1.
(iv) The subcategory
M =
∐
p S
p
1 ,
is the only prime of S0.
Proof. (i) The triangulated category S0 is generated by the sphere spectrum S, so any object P ∈ S0
can be obtained from S by applying successively the autoequivalence Σ and taking cofibers of maps.
Since the smash product is compatible with these operations, showing that P ∧Q ∈ A, for Q in a
full triangulated subcategory A, eventually reduces to showing that S ∧Q ∈ A. But S is a unit for
the smash product, so this is obvious.
(ii) follows from (i).
(iii) follows from Hopkins’ and Smith’s theorem (Theorem 3.1) and (ii), together with the Ku¨nneth
isomorphism for Morava K-theory.
(iv) To see that M is a prime, assume that P ∧Q ∈M and P 6∈ M. The subcategory
A := {R ∈ S0|R ∧Q ∈ M}
is thick, and contains M properly, since P ∈ A \M. By Chebolu’s theorem (Theorem 3.2), M is
maximal for inclusion of proper thick subcategories, so A must equal S0. In particular, the unit S
for the smash product belongs to A, and hence Q ∈ M.
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Now we show that no other ⊗-thick subcategories are primes. LetA be a ⊗-thick proper subcategory
of S0. Since we are assuming that A 6=M, we can use Theorem 3.2 to conclude that there exists a
prime number p and a spectrum P ∈ Sp1 such that P 6∈ A. Let q be any prime number different from
p, and choose a spectrum Q ∈ Sq0 \S
q
1 . (This is possible by Theorem 3.1.) Then Q 6∈ A by Theorem
3.2. However P ∧Q ∈ Sp1 ∩ S
q
0 by (i), so by Lemma 4.1, P ∧Q ∼ ∗. In particular P ∧Q ∈ A, and
so A is not a prime. 
Corollary 4.3. As sets
Spc(S0) ≃ ∗, and
Spc(Sp0 ) ≃ N.
While the topological space Spc(S0) is trivial, the topological space, Spc(S
p
0 ) is more interesting.
Definition 2.1 implies that any closed subset Z of Spc(Sp0 ) has the property
S ∈ Z and T ⊂ S ⇒ T ∈ Z.
The descending sequence
S∞ ⊂ · · · ⊂ S
p
n+1 ⊂ S
p
n ⊂ S
p
n−1 ⊂ · · · ⊂ S
p
2 ⊂ S
p
1 ,
of primes, implies that S∞ = Z(S0 \ S∞) is the only closed point, and that
Sp1 = Spc(S
p
0 ) \ Z(S
p
1 \ S
p
2 ),
is the only open point.
Remark 4.4. The category S0 has been suggested as a candidate for a category of perfect complexes
over Spec F1. One of the motivations for this is that the singular chain complex functor
sing : S+ → D+(OSpec Z −mod)
gives a ”lift” of the stable homotopy category of bounded below spectra S+ to the bounded below
derived category of OSpec Z-modules, sending finite spectra to perfect complexes. Modulo the Dold-
Kan correspondence sing is the free abelian group functor Z[−], which should be used for lifting an
F1-scheme to an ordinary (Z-)scheme (cf. [5]). Inspired by this observation, A. Salch defines the
morphism
f : Spec Z→ Spec F1
to be the adjunction sing ⊣ H, where H is the functor sending a complex to its Eilenberg-MacLane
spectrum (cf. [9]). Using the language of axiomatic stable homotopy theory, this adjunction is a
geometric morphism (cf. [7, 3.4]).
Corollary 4.3 supports the point of view that the finite stable homotopy category S0 could be a
category of perfect complexes over Spec F1, since it says that the universal locus for supports of
objects in S0 is Spec F1.
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5. Analogies with non-noetherian rings
The fact that there are infinite chains of thick subcategories of S0 makes S0 resemble a non-noetherian
ring. In the appendix of [8], M. Bo¨kstedt gives a way of identifying the closed sets of SpecR for
an arbitrary (not necessarily noetherian) ring R via its corresponding triangulated category of com-
plexes. In this section, we apply his method to the categories S0 and S
p
0 .
Definition 5.1. Let K be a triangulated category. A thick subcategory A ⊂ K is principal if it is
the triangulated subcategory generated by an element P ∈ A. If this is the case, we use the notation
A = 〈P 〉. We denote the set of principal subcategories of K by PS(K).
A subset F ⊂ PS(K) is said to be filtering if
(FS1) 〈Q〉 ∈ F and 〈Q〉 ⊂ 〈P 〉 implies 〈P 〉 ∈ F for all 〈P 〉 ∈ PS(K), and
(FS2) for all 〈P 〉, 〈Q〉 ∈ F , there exists a 〈R〉 ∈ F such that 〈R〉 ⊂ 〈P 〉 and 〈R〉 ⊂ 〈Q〉.
According to [8, Proposition A.7], closed subsets of SpecR are in bijection with filtering subsets of
PS(Dperf(SpecR)) via the maps
Y 7→ {〈P 〉|Y ⊂ supph(P )},
and
F 7→
⋂
〈P 〉∈F supph(P ).
After stating this, M. Bo¨kstedt invites the reader to see what it gives for S0.
Theorem 5.2. (Classification of filtering subsets)
(i) The principal thick subcategories of S0 are precisely S0 and S
p
n, for a prime number p and an
integer n ≥ 1.
(ii) The filtering subsets of PS(S0) are precisely PS(S0), {S0}, and the subsets of the form
{Spn}n≤N ∪ {S0},
for a prime number p, and an integer N ≥ 1.
(iii) All thick subcategories of Sp0 are principal.
(iv) The filtering subsets of PS(Sp0 ) are precisely PS(S
p
0 ), and the subsets of the form
{Spn}n≤N ,
for an integer N ≥ 0.
Proof. (i) Note first that S0 and the S
p
n’s are principal: S0 is generated by the sphere spectrum, and
the strict inclusions of Theorem 3.1 imply that for all n, Spn is generated by any element of S
p
n \S
p
n+1.
Using the classification in Theorem 3.2, let A =
∐
p∈S S
p
np be a thick subcategory. Assuming that
A = 〈P 〉 is principal, implies that there is a p and an n such that the generator P belongs to Spn.
Since Spn is thick, it follows that A = S
p
n.
(ii) Clearly, the subsets in the statement satisfy (FS1) and (FS2) in Definition 5.1. By (FS1), a
filtering subset containing SpN must also contain S
p
n for all n ≤ N . It remains to show that for p 6= q,
no filtering subset can contain both Spk and S
q
l . By (PS2), this implies the existence of integers
i and j such that Spi = S
q
j . By Lemma 4.1, S
p
i must then consist entirely of contractible spectra,
which contradicts property (M4) of Morava K-theory.
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(iii) follows by applying the argument in the proof of (i) to Sp0 .
(iv) follows directly from (iii) together with the axioms (FS1) and (FS2). 
Note that filtering subsets of PS(S0) are not in bijection with closed sets of Spc(S0), since there are
infinitely many filtering subsets, but only one closed set. However, the filtering subsets of PS(Sp0 )
are precisely the open sets of Spc(Sp0 ), so in this case they are certainly in bijection with the closed
sets.
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